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Capillary condensation in one-dimensional irregular confinement
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A lattice-gas model with heterogeneity is developed for the description of fluid condensation in
finite sized one-dimensional pores of arbitrary shape. An exact solution of the model is presented for
zero-temperature that reproduces the experimentally observed dependence of the amount of fluid
adsorbed in the pore on external pressure. Finite-temperature Metropolis dynamics simulations
support analytical findings in the limit of low temperatures. The proposed framework is viewed as a
fundamental building block of the theory of capillary condensation necessary for reliable structural
analysis of complex porous media from adsorption-desorption data.
PACS numbers: 75.10.Nr, 05.70.Np, 68.43.-h, 64.70.F-
I. INTRODUCTION
Physical systems which consist of networks of pores,
such as Vycor1, Silica aerogels2, porous rocks3, soil4
and others, have a wide spectrum of applications, rang-
ing from molecular filters and catalysts5 to fuel stor-
age6. Capillary condensation is an important and pe-
culiar physical phenomenon occurring in many such sys-
tems. Depending upon the pore structure and the mate-
rials involved, the adsorbed fluid density can exhibit both
hysteresis and avalanches (abrupt changes in density) as
the pressure varies. In recent years, a lot of experimental
and theoretical work has been undertaken in order to un-
derstand this dependence2,7,8. However, the understand-
ing is not fully complete8 and, for example, routinely used
classical theories fail to explain the appearance and shape
of hysteresis in sorption curves of capillary condensation
even in simple one-dimensional (1D) isolated pores9–11.
Indeed, according to classical theories, pores closed at
one end should not have hysteresis. In contrast, the ad-
sorption of N2 into MCM-41 mesoporous silica consisting
of pores closed at one end at the temperature T = 78K
reveals a hysteresis loop of the so-called H2-type12, i.e.
involving a smooth increase in density for adsorption and
sharp drop in density for desorption. An accurate the-
ory for capillary condensation in 1D pores is ultimately
necessary to ensure that, for instance, this phenomenon
can be used as a reliable technique to probe the struc-
ture of generic porous media consisting of a network of
interlinked 1D pores2,13.
A number of techniques have been developed to study
capillary condensation theoretically, including micro-
scopic molecular dynamics14, density functional the-
ory15,16 and lattice-gas mean-field theory1,17,18. Such
studies have been conducted on a variety of different
porous media. For one-dimensional pores, mean-field
theory19 and multi-scale molecular dynamics studies20,21
have previously been used to test the hypothesis that
hysteresis is caused by heterogeneity11, which includes
variations in pore diameter, chemical heterogeneity in
the pore walls and roughness of internal surfaces22–25.
Additionally, these numerical studies have revealed the
occurrence of avalanches in the amount of adsorbed fluid
during condensation and evaporation. Such avalanches
bare similarity to avalanches in magnetisation found in
the random-field Ising model (RFIM)1,17,26,27. Employ-
ing this similarity, we map RFIM to the lattice-gas model
and demonstrate that: (i) a heterogeneous lattice-gas
model is a minimally sufficient model to reproduce ex-
perimental observations of variations of fluid density with
pressure in finite-sized pores; (ii) this model can be solved
exactly analytically at zero temperature (T = 0) by a
novel technique, with the solution being fully supported
by numerical simulations; (iii) such an analytical solution
leads to simple physical explanations and interpretations
of experimental results for condensation in 1D pores that
remain qualitatively valid at sufficiently low finite tem-
peratures.
More specifically, our findings are as follows. (i) The
effects of the closed and open ends of the pores, consid-
ered important in the classical theories, are significantly
reduced for large disorder in strengths of the interactions
of the fluid with the pore walls. (ii) A positive-skewed
distribution in strengths of such interactions can lead to
sorption curves of the same form as those found experi-
mentally10,11. (iii) It is predicted that the mechanism for
adsorption depends crucially on the length of pores and
their geometry. For short pores, adsorption isotherms
may depend on whether pores are open or close at the
ends. In contrast, the dependence of adsorption on the
characteristics at the pore ends is lost for long enough
pores. (iv) Sorption is shown to have several different
mechanisms, leading to different forms of sorption curves.
However, sorption in long pores, or pores characterised by
a large degree of heterogeneity, shows universal features
typical of a disorder-controlled regime. (v) In cylindrical
pores consisting of two parts of different diameter, con-
densation and evaporation in one part can induce con-
densation and evaporation in the rest of the pore for low
disorder, but for high disorder, the two parts of the pore
behave independently.
The structure of this paper is as follows. The model
for condensation and pore geometries studied are intro-
2duced in Sec. II. Sec. III presents the exact solution of
the proposed model at zero temperature. The results for
adsorption/desorption are presented in sections IV and
V for T = 0 and T > 0, respectively. Finally, the conclu-
sions are given in Sec. VI.
II. MODEL AND PORE GEOMETRIES
A. Lattice-gas model with disorder in matrix-fluid
interactions
The proposed model is based on a standard lattice-gas
model of capillary condensation1,2,9,17. In this model,
the 3D space is split into cells, and each cell can be filled
either by matrix (the solid substrate), liquid or vapour.
If the cell i is occupied by matrix (expressed by setting
parameter ηi = 0), then it cannot become occupied by
fluid. It is assumed that the variables ηi are quenched
for the whole system and thus the matrix state cannot
change during the condensation. If cell i is not occupied
by the matrix (ηi = 1), then it can be occupied by ei-
ther liquid (τi = 1) or vapour (τi = 0). The variables
τi can vary with the change in chemical potential, µ.
The Hamiltonian which describes the lattice gas model
is given by1,17,18,
H = −µ
∑
i
τiηi − wff
∑
〈ij〉
τiτjηiηj
−
∑
〈ij〉
[
τiw
mf
ij ηi(1 − ηj) + τjwmfji ηj(1− ηi)
]
, (1)
where the summations run over all the cells in the system
in the first term and over all nearest-neighbour pairs 〈ij〉
in the other terms. The fluid-fluid interaction parameter,
wff > 0, is assumed to be the same for all pairs of cells.
The matrix-fluid interaction strength between the matrix
at cell j and fluid at the neighbouring cell i is described
by the parameter wmfij . The values of w
mf
ij are consid-
ered to be independently distributed quenched random
variables with the probability density function, ρi(w
mf
ij ),
which can be cell dependent. The random distribution of
this parameter has been studied previously in the context
of chemical heterogeneity of the pore walls28, but below
it is assumed to characterise all types of heterogeneity.
For concreteness, we focus on two forms of disorder in
wmfij , representing heterogeneity on different scales rang-
ing from local fluctuations at a single point on the pore
wall to a variable diameter of the pore. More specifically,
we consider (i) a normal distribution,
ρi(w
mf
ij ) = N (〈wmf〉i,∆2i ) , (2)
and (ii) an exponential distribution with correlations en-
suring that all wmfij are the same for the same cell i (i.e.
wmfij is independent of j), and distributed according to,
ρi(w
mf
ij ) = Θ(x)∆
−1
i exp(−∆−1i x) , (3)
where x = (wmfij −〈wmf〉i)+∆i and Θ(x) is the Heaviside
step function. In Eqs. (2) and (3), 〈wmf〉i and ∆2i refer to
the mean and variance, respectively, of the correspond-
ing distributions. Gaussian uncorrelated heterogeneity
describes local fluctuations of the matrix-fluid interac-
tion. In contrast, correlations in the exponential hetero-
geneity are introduced to describe heterogeneity in pore
diameter.
B. Mapping to the random-field Ising model
The lattice gas model can be mapped to the RFIM1,17
which gives an intuitively simpler representation and
is technically more convenient for the calculations pre-
sented below. In the RFIM representation, the Hamilto-
nian described by Eq. (1) is given by,
H = −J
∑
〈ij〉
sisj −
∑
i
hisi −H
∑
i
si , (4)
where the variable si = (2τi−1)ηi (si = ±1) represents a
spin state, H = µ/2 refers to an external magnetic field,
and J = wff/4 describes the spin-spin interaction. The
fields hi at cell i are given by
hi =
∑
j/i
[
(1− ηj)
wmfij
2
+ ηj
wff
4
]
, (5)
with the sum running over all nearest neighbours of i.
Since wmfij are randomly distributed, the fields hi de-
fined by (5) are also random variables, with distribu-
tion ρh(hi) which depends on the pore geometry cho-
sen. More explicitly, ρh(hi) depends on the numbers,
nmi =
∑
j/i(1 − ηj) and nui =
∑
j/i ηj , of neighbour-
ing cells which are occupied and unoccupied by matrix,
respectively. When wmfij is normally distributed, the ran-
dom field at cell i is distributed according to ρhi(hi) =
N (〈hi〉i,∆hi2) with 〈hi〉i = (nmi /2)〈wmf〉i + (nui /4)wff
and ∆2hi = (n
m
i /2)∆
2
i . When w
mf
ij follows a correlated
exponential distribution, the random field at cell i is dis-
tributed according to ρhi(hi) = Θ(y)∆
−1
hi
exp(−∆−1hi y)
(where y = hi − 〈hi〉i +∆hi), with the mean 〈hi〉i being
the same as for the normal distribution and standard de-
viation ∆hi = n
m
i ∆i/2. In both cases, the values of 〈hi〉i
and ∆hi
2 can differ between the cells.
C. Pore geometries
Three types of 1D pore geometries consisting of N cells
embedded in a simple cubic lattice are analysed below.
They are linear pores of (i) type I with both ends closed
by matrix (see Fig. 1(a)), (ii) type II with both ends open
and bounded by vapour (see Fig. 1(b)), and (iii) type
III with one open end and one closed end. In the first
two cases, we consider wmf to be identically and indepen-
dently distributed random variables with 〈wmf〉i = 〈wmf〉
3(a) Type I (b) Type II (c) Type III
1 1 1
2 2 2
3 3 3
4 4 4
5 5 5
FIG. 1. Diagrams showing 2D sections of linear pores of
N = 5 cells unoccupied by matrix, labelled i = 1, . . . , 5 (white
squares), and different configurations of matrix cells (grey
squares) in the 3D system. (a) Pore of type I completely
surrounded by matrix. (b) Pore of type II with open ends.
(c) Pore of type III with one open and one closed end con-
sisting of two sections with statistically different matrix-fluid
interaction represented by light- and dark-grey cells. The in-
teraction of the fluid in cells 1 ≤ i ≤ N1 = 3 and in cells
4 < i ≤ N with the matrix represented by light-grey and
dark-grey squares is described by 〈wmf1 〉, and 〈w
mf
2 〉, respec-
tively. For clarity, 2 relevant matrix cells per unoccupied cell,
on top of and underneath the white cells, are not shown in
this 2D diagram.
and ∆i = ∆. In the last case, we consider two dis-
tinct sections of lengths N1 and N −N1 characterised by
different values of mean matrix-fluid interaction 〈wmf1 〉
and 〈wmf2 〉, but the same variance ∆, respectively (see
Fig. 1(c)). Pores of type III are intended to model ink-
bottle and funnel pore geometries, with weaker matrix-
fluid interaction representing a larger diameter.
D. Dynamics
We study adsorption and desorption isotherms ob-
tained by sweeping the chemical potential at a rate r from
µ = −∞ to ∞ and back again. The state of the system
is described in terms of the mean volume of the absorbed
liquid, 〈V 〉 = 〈N−1∑i τi〉 and the variance of this quan-
tity, Var[V ] =
〈(
N−1
∑
i τi
)2〉 − 〈V 〉2. When the sys-
tem is driven in this way, it evolves through a rugged
free energy landscape corresponding to the Hamiltonian
H which, due to the presence of random fields, consists
of an exponentially large number of local minima for
given µ and 〈V 〉1,29,30. The evolution of the system (i.e.
changes of the occupation numbers, {τi}) is caused either
by changes in the energy landscape due to variations of
µ, or by thermal effects. Below the critical temperature,
Tc, where condensation occurs in a discontinuous man-
ner2, random fields introduce glass-like behaviour to the
system and thermally activated transitions are unlikely
on the time-scale of real experiments1. That is why the
results of mean-field lattice-gas models1,18, which ignore
thermal fluctuations, and experiments2 are in good agree-
ment. Temperature is known to affect hysteresis2 but this
has been properly accounted for by mean-field theories in
terms of entropic contributions that represent a quenched
modification to the energy landscape1,18.
Motivated by these results, we first obtain the exact
analytical solution to the proposed model at zero temper-
ature and then study the effects of non-zero temperature
by means of Monte-Carlo numerical simulations. These
simulations include thermally activated events but their
effect is expected to play a secondary role on hysteresis
at low temperatures and are not analysed in detail.
At T = 0, we employ a single-spin flip metastable dy-
namics that has been widely used within the context of
the zero-temperature RFIM (zt-RFIM)26. According to
this dynamics, for adsorption (desorption) each cell is
initially empty (occupied), si = −1 (si = +1), and can
become occupied by liquid (gas), si = +1 (si = −1),
once its local field,
fi = H + hi + J
∑
j/i
sj
=
µ
2
+
∑
j/i
(1− ηj)
wmfij
2
+
wff
2
nfi , (6)
is positive, fi > 0 (negative, fi < 0). Here, n
f
i =∑
j/i ηjτj is the number of fluid cells neighbouring cell
i. According to the above rule, a configuration of phases
is stable if all the fluid cells satisfy the condition sifi > 0.
The system is driven quasistatically under the assump-
tion that the rate of relaxation of spins is much larger
than the rate r of variation of µ26,27. In practise, this is
achieved by sweeping µ until at least one spin becomes
unstable. At this point, an avalanche starts and µ is kept
constant until a new stable configuration is reached. Af-
ter that, activity can only resume if µ is varied and a new
avalanche is induced by this variation.
Adsorption/desorption processes at T > 0 are sim-
ulated numerically using Metropolis dynamics imple-
mented as follows31. For given µ, a cell is chosen at
random and a change of its state, τi (or si), is pro-
posed. The change is accepted with probability p =
min{1, exp(−β∆H)}, where β = (kBT )−1 and ∆H =
fisi is the change in energy of the proposed change of
state. This process is referred to as a single Monte Carlo
step, with the unit of time in the simulation being Monte-
Carlo Steps per Spin (MCSS). As the simulation pro-
gresses the value of µ is incremented at a fixed rate r
measured in MCSS−1 so that the increment at each step
is δµ = r/N . This dynamics reduces to the T = 0 dy-
namics in the limit of r → 0 and β →∞.
III. EXACT SOLUTION OF THE MODEL AT
T = 0
In this section, we obtain exact analytical solutions for
sorption curves for a 1D pore. In order to do that, we
4develop a novel method based on the use of the generat-
ing function formalism32,33. Within this formalism, the
volume of fluid in the finite pore is a random value and
can be expressed by a generating function,
G(x) =
N∑
n=0
P (n)xn , (7)
where P (n) is the probability that n =
∑N
i=1 τi cells in
the finite pore are occupied by fluid. The mean volume
of fluid is given by,
〈V 〉 = V0〈n〉 = ∂xG(1) , (8)
with volume of a cell set to V0 = 1, and the variance is,
Var[V ] = ∂xxG(1) + ∂xG(1)− [∂xG(1)]2 , (9)
where ∂xG(1) and ∂xxG(1) refer to the first and second
derivatives of G(x) with respect to x evaluated at x = 1.
We derive a form for these expression by establishing a
recursion relation for G(x) in the following way.
We assume particular sequences for occupancy of cells
that are convenient from a mathematical viewpoint. This
is possible owing to the abelian property of the zt-RFIM
which ensures that the final state of the system is inde-
pendent of the order in which the cells are occupied by
fluid (the order spins flip) as long as the system ends
up in a stable or metastable state26,34. The sequence we
chose assumes that the relaxation of the system into a
metastable state takes place in a series of N time-steps,
t, 1 ≤ t ≤ N . Initially, during time-step t = 1, all the
cells with i ≥ 2 are artificially prevented from being oc-
cupied, while the first cell i = 1 is allowed to change its
state. Cell i = 1 can either change state from unoccupied
to occupied if the local field given by Eq. (6) is positive,
f1 > 0, or remain unoccupied if the local field is negative.
This process with two possible outcomes is called relax-
ation of cell 1. Next, during time-step t = 2, we allow
cell i = 2 to relax, while cells i ≥ 3 are still held in the
unoccupied state, and cell i = 2 can become occupied if
f2 > 0. If cell i = 2 does become occupied, then the lo-
cal field f1 at cell i = 1 will increase. This can cause cell
i = 1 to become occupied if it was not occupied already,
i.e. an avalanche can pass from cell i = 2 to cell i = 1
during time-step t = 2. Similarly, we allow the next cell
in the pore, i.e. i = 3, to relax and if it becomes occupied
an avalanche can pass back along the pore towards cell
i = 1 if those cells with i < 3 were not occupied. This
method is recursively applied N times until all the cells
in the system are relaxed.
Let us consider the cell i = N at the end of the pore,
which is the last cell to be allowed to relax in the above
procedure. At the start of time-step t = N , the neigh-
bouring pore cell i = N − 1 can be occupied or unoccu-
pied, i.e. sN−1 = ±1. If the neighbouring cell i = N − 1
is occupied (sN−1 = +1), and the random field at cell
i = N is hN > −J − H , then the local field fN > 0
and cell i = N will become occupied. This occurs with
cell-dependent probability p′N,1 where,
p′i,m =
∫ ∞
h=−H−J(2m−1)
ρhi(h)dh , (10)
with m being the number of occupied neighbours of cell
i = N , i.e. m = 1 in this case. If, however, the neigh-
bouring cell i = N − 1 is unoccupied (sN−1 = −1), then
the local random field must be above a higher threshold
for cell N to become occupied, hN > J−H , which occurs
with probability, p′N,0, given by Eq. (10) with m = 0. In
this case, the field at cell i = N − 1 will increase, and an
avalanche can propagate back along the pore.
The probability that there are n occupied cells in the
lattice at the end of the relaxation process can therefore
be written as,
P (n) = PA(N − 1, n− 1)p′N,1
+PA(N − 1, n)(1− p′N,1) + PB(N − 1, n− 1)p′N,0
+PC(N − 1, n)(1− p′N,0) , (11)
in terms of the probabilities, PA(i, n
′), PB(i, n′) and
PC(i, n
′), which can be recursively determined. The
quantity,
PA(i, n
′) = Prob[ni(t = i) = n′ ∩ si(t = i) = +1] , (12)
is the probability that at the end of time-step t = i, there
are ni(t = i) = n
′ occupied cells with index j in the range
1 ≤ j ≤ i (i.e. ni =
∑i
j=1(sj + 1)/2) and that cell i is
occupied, si(t = i) = +1. The value,
PB(i, n
′) =Prob[si(t = i) = −1
∩ni(t = N) = n′|si+1(t = N) = +1] ,(13)
is the probability that cell i is unoccupied at end of time-
step t = i, si(t = i) = −1, and at the end of the relax-
ation process (end of time-step t = N) there are ni = n
′
occupied cells in the range 1 ≤ j ≤ i, given that cell i+1
becomes occupied, si+1(t = N) = +1, during some time-
step t′, i < t′ ≤ N (which causes avalanches to pass back
along the pore towards cell 1, changing the occupation
number ni). The third quantity,
PC(i, n
′) = Prob[ni(t = i) = n′ ∩ si(t = i) = −1] , (14)
is the probability that at the end of time-step t = i there
are ni(t = i) = n
′ occupied cells in the range 1 ≤ j ≤ i
and that cell i is unoccupied at this time-step, si(t =
i) = −1.
Using Eqs. (7) and (11), the generating function G(x)
for the total number of occupied cells in the pore can be
written in terms of the generating functions Ai(x), Bi(x)
and Ci(x) for the corresponding probabilities defined by
Eqs. (12)-(14) as,
G(x) =
[
xp′N,1 + (1− p′N,1)
]
AN−1(x)
+ xp′N,0BN−1(x) + (1− p′N,0)CN−1(x) . (15)
5where the generating function Ai(x) is defined as Ai(x) =∑i
n=0 PA(i, n)x
n, while Bi(x) and Ci(x) are defined ac-
cording to the same relation with A replaced by B and
C, respectively.
Expressions for the generating functions Ai(x), Bi(x)
and Ci(x) for i > 1 can be found recursively in the fol-
lowing way. If cell i− 1 is occupied at the start of time-
step t = i and the local field at cell i is positive, i.e.
fi = hi+H > 0, then cell i will become occupied during
time-step t = i. This occurs with probability pi,1, where
pi,m =
∫ ∞
h=−H−J(2m−2)
ρhi(h)dh . (16)
If cell i − 1 is unoccupied then the random field has to
be at a higher threshold, hi > −H +2J , in order for cell
i to become occupied during time-step i. The random
field will be above this higher threshold with probability
pi,0, given by Eq. (16). If cell i does become occupied
during time-step t = i and si−1 = −1 at this time, then
an avalanche might pass back along the pore towards
cell i = 1. This gives the expressions for PA(i, n
′) and
PC(i, n
′) defined in Eqs. (12) and (14),
PA(i, n
′) = PA(i− 1, n′ − 1)pi,1 + PB(i− 1, n′ − 1)pi,0 ,
PC(i, n
′) = PA(i− 1, n′)(1− pi,1)
+ PC(i− 1, n′)(1 − pi,0) . (17)
If cell i does not become occupied at time step t = i,
but cell i+1 becomes occupied at some later time-step t′
(i < t′ ≤ N) then cell i can also become occupied during
time-step t′, i.e. an avalanche can propagate back down
the pore. The probability of cell i becoming occupied in
this way at time step t′ depends upon whether cell i− 1
is occupied or not. In fact, if cell i − 1 is occupied and
cell i+1 becomes occupied on time step t′ then cell i will
also become occupied at time step t′ only if the random
field at cell i is in the range −H < hi < −H + 2J ,
which occurs with probability pi,2 − pi,1. On the other
hand, if cell i − 1 is unoccupied then the random field
must be in the range −H − 2J < hi < −H in order
for cell i to become occupied at time step t′ when cell
i + 1 becomes occupied, which occurs with probability
pi,1 − pi,0. In the case that cell i − 1 is unoccupied, an
avalanche of spin flips can propagate back down the pore
from cell i towards cell 1 during time step t′. This gives
the expression for PB(i, n
′) defined in Eq. (13),
PB(i, n
′) = PA(i − 1, n′)(1 − pi,2)
+ PA(i − 1, n′ − 1)(pi,2 − pi,1)
+ PC(i− 1, n′)(1− pi,1)
+ PB(i − 1, n′ − 1)(pi,1 − pi,0) . (18)
Eqs. (17) and (18) lead to the following recursive relations
for the generating functions, Ai(x), Bi(x) and Ci(x),
Ai(x) = x [Ai−1(x)pi,1 +Bi−1(x)pi,0]
Bi(x) = x(pi,2 − pi,1)Ai−1(x) + (1− pi,2)Ai−1(x)
+ x(pi,1 − pi,0)Bi−1(x) + (1 − pi,1)Ci−1(x)
Ci(x) = (1 − pi,1)Ai−1(x) + (1 − pi,0)Ci−1(x) , (19)
valid for i > 1.
The boundary values of PA(1, n
′) and PC(1, n′) can be
found using the following relations,
PA(1, n
′) = δn′,1p′1,0 ,
PC(1, n
′) = δn′,0(1− p′1,0) , (20)
where p′1,0 is the probability that cell 1 has a positive field
(and thus becomes occupied) at the first time step (when
all other cells are unoccupied). The value of PB(1, n
′) is
given by the relation,
PB(1, n
′) = (1− p′1,1)δn′,0 + (p′1,1 − p′1,0)δn′,1 , (21)
where p′1,1 − p′1,0 is the probability that cell 1 has a neg-
ative local field during time-step t = 1, but the field be-
comes positive when cell 2 becomes occupied, and 1−p′1,1
is the probability that cell 1 still has a negative local field
after cell 2 becomes occupied. Eqs. (20) and (21) result
in the following expression for the boundary generating
functions,
A1(x) = xp
′
1,0 ,
B1(x) = x(p
′
1,1 − p′1,0) + 1− p′1,1 ,
C1(x) = 1− p′1,0 . (22)
The generating function given by Eqs. (15), (19)
and (22) can be written as a matrix equation,
G(x) = [A(x)]TMN−1(x)MN−2(x) . . .M2(x) [B(x)] ,
(23)
where,
[A(x)]
T
=
(
xp′N,1 + (1 − p′N,1), xp′N,0, 1− p′N,0
)
,
Mi(x) =
 xpi,1 xpi,0 0x(pi,2 − pi,1) + (1− pi,2) x(pi,1 − pi,0) 1− pi,1
1− pi,1 0 1− pi,0

 ,
[B(x)]
T
=
(
xp′1,0, x(p
′
1,1 − p′1,0) + 1− p′1,1, 1− p′1,0
)
.
(24)
Eq. (23) is the main analytical result of our analysis al-
lowing exact evaluation of ∂xG(1) and ∂xxG(1). The
mean and variance of the volume of fluid in the pore
can be found for both adsorption and desorption regimes
using Eqs. (8) and (9) along with the derivatives of
G(x). Technically, the derivatives of G(x) can be cal-
culated by numerical iteration, i.e. the derivatives of
Mi(x)Mi−1(x) . . .M2(x)B(x) can be found in terms of
the derivatives of Mi−1(x) . . .M2(x)B(x).
IV. RESULTS FOR T = 0
The results presented in this section correspond to the
numerical solution for G(x) given by Eq. (23). In or-
der to test the validity of the exact solution, we per-
formed Monte-Carlo simulations of condensation within
6the framework of the lattice-gas model. During each sim-
ulation, the value of µ was fixed, and hysteresis plots were
obtained by running separate simulations for each value
of µ. The fluid occupation number of the matrix-free cells
was changed following single spin-flip zero-temperature
Metropolis dynamics26,35. The mean and variance of V
were calculated by averaging over 104 realisations of the
disorder in random-fields for a fixed matrix structure and
values of the parameters. Figs. 2, 3, 7 and 8 show that
the analytical calculations (lines) agree with the numer-
ical simulations (symbols).
The shape of the hysteresis loop and the distribution
of ρ for a given value of µ depends on the pore type and
are governed by several parameters. These parameters
are the degree of disorder in matrix-fluid interactions, ∆,
the system size, N , the relative strengths of matrix-fluid,
〈wmf〉, and fluid-fluid interactions, wff, and the value of
the chemical potential, µ. The values of the parameters
influence the dynamics of the avalanche, i.e. they control
the location of the avalanche nucleation points, being ei-
ther at end points or internal points of the pore, and the
number of points at which the avalanches are pinned. As
a result, there are several distinct regimes for sorption in
linear pores of all types.
We start out analysis with a detailed description of the
different regimes in pores of types I and II. First, the dif-
ferent possible forms for the sorption curves in the case of
a normal distribution in wmfij are described. Second, we
analyse the new features which an exponential distribu-
tion brings to the sorption curves. Finally, a description
of the sorption curves in pores of type III is presented.
A. Nucleation and Pinning
When the increasing value of µ reaches a certain value
one of the cells in the system can be filled with liquid,
i.e. an avalanche can be nucleated. This avalanche can
propagate either through the whole system or stop at
some cell, which becomes a pinning point. When the
avalanche is pinned, a further increase in µ is required
for de-pinning, i.e. for adsorption to continue. There-
fore, there exist two typical values of µ, corresponding
to nucleation and de-pinning. Let us first estimate the
value of µ at which nucleation occurs in pores of both
types I and II.
Nucleation of an avalanche occurs at a particular cell
i if it is an energetically favourable process, i.e. when
the local field given by Eq. (6) at that cell is positive.
This happens if the value of chemical potential becomes
greater than µi, a local nucleation potential, given by,
µi(n
m
i , n
f
i) = −

 nmi∑
j=1
wmfij (1 − ηj) + nfiwff

 , (25)
where nmi and n
f
i are defined in Secs. II B and IID, re-
spectively. In pores of type I, there are two kinds of
cell, end cells, (i = 1 and i = N) and interior cells
(1 < i < N). For end cells, number of surrounding ma-
trix cells (nm1 = n
m
N = 5) is greater than for inner cells
(nmi = 4) favouring nucleation at the end cells of type-I
pores. In contrast, all cells in pores of type-II are equiva-
lent for nucleation events because nmi = 4 for 1 ≤ i ≤ N .
The values of µi are random as a consequence of the
disorder in matrix-fluid interaction strengths wmfij . First,
we analyse the case of a normal distribution of wmfij given
by Eq. (2). For a quenched configuration of matrix-
fluid interaction there will be a cell with a minimal value
of µi, and the first nucleation event will occur at that
cell. In a pore of type II, this minimal value has a
mean, 〈µomin〉, which can be estimated using the relation
Prob[µi ≤ 〈µomin〉] ≃ 1/N , for the mean minimum of N
independently and identically distributed random values
of µi (see e.g. Ref. 36). For a normal distribution of
wmf (see Eq. (2)), the estimate is given by the following
equation,
〈µomin〉 ≃ −
[
nmi 〈wmf〉+∆
√
2nmi erfc
−1(2/N)
]
, (26)
where nmi = 4 for all i. Here, erfc
−1(x) is the in-
verse of the complimentary error function, erfc(x) =
2√
pi
∫∞
x
e−t
2
dt. As follows from Eq. (26), the value of
〈µomin〉 linearly decreases with increasing degree of disor-
der (see the dashed lines in Fig. 4(a) and (b) for the de-
pendence of 〈µomin〉 on ∆) and decreases with pore length
N according to 〈µomin〉 ∼
√
lnN .
For a pore of type I, the values of µi are distributed dif-
ferently for end and inner cells. As a consequence there
are two expressions for the mean minimal value of µ for
end and inner cells. The values of µ1 and µN are in-
dependently and identically distributed and the mean of
their minimum can be found, in the case of normally dis-
tributed values of wmf, according to the exact formula,
〈
µendmin
〉
= −nm1 〈wmf〉 −∆
√
nm1
pi
, (27)
with nm1 = n
m
N = 5 (see the black lines in Fig. 4(a) and
(b) for ∆ . ∆∗). For inner cells, the expression for the
mean value of the minimum,
〈
µinnermin
〉
, is given by Eq. (26)
with N replaced by N − 2, i.e. for large values of N ,〈
µinnermin
〉 ≃ 〈µomin〉 . (28)
If
〈
µendmin
〉
<
〈
µinnermin
〉
which is true for ∆ <
∆∗ = 〈wmf〉
[√
8 erfc−1(2/N)−√5/pi]−1, nucleation
starts typically at the end points, and the mean of the
minimal value of µi in type-I pores, 〈µcmin〉, coincides with〈
µendmin
〉
. Otherwise, if ∆ > ∆∗, nucleation starts at any
cell in the pore with approximately equal probability and
〈µcmin〉 ≃
〈
µinnermin
〉
<
〈
µendmin
〉
(see the coinciding dashed
and solid lines Fig. 4(a) and (b) for ∆ & ∆∗).
Once an avalanche is nucleated, it starts propagating.
This propagation can be stopped by unfavourable varia-
tions in the matrix-fluid interaction strength, i.e. it can
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FIG. 2. Condensation in pores of types I and II (cf. Figs. 1(a)
and (b)). The mean 〈V 〉 (upper panel) and variance Var[V ]
(lower panel) of occupied volume of pores of length N = 100
are plotted vs µ. The bold arrows show the direction in which
µ changes for adsorption and desorption curves. The solid
(dashed) curves correspond to pores of type I (II). Different
columns refer to different degrees of normal disorder in wmfij
with the same mean value 〈wmf〉 = 1.0 and the same wff = 1.0:
(a) ρ(wmf) has a width ∆ = 0.05 and (b) a width ∆ = 0.25.
Symbols refer to the numerical results.
be pinned at a certain cell. Pinning will occur at an in-
terior cell i if it is not energetically favourable for cell
i to become occupied, even when the avalanche causes
one of the cells neighbouring cell i to become occupied
by liquid, i.e. pinning occurs at cell i when the random
value µi(4, 1) > µ. Typically, pinning will occur when
µ < µpinmax where µ
pin
max is the mean maximal value of µi
for 1 < i < N , which can be found using arguments
similar to those for Eq. (26) as,
µpinmax ≃ −
[
nmi 〈wmf〉+ wffnfi −∆
√
2nmi erfc
−1
(
2
N
)]
,
(29)
with nmi = 4 and n
f
i = 1. The value of µ
pin
max does not de-
pend on the type of the pore and increases with disorder
(see the dot-dashed lines in Fig. 4(a) and (b)).
B. Regimes for Avalanches
First, we analyse the different adsorption regimes of
adsorption for pores of type I. The relative values of µpinmax,
〈µcmin〉 and
〈
µinnermin
〉
(with 〈µcmin〉 ≤
〈
µinnermin
〉
) depend on
wff, ∆ andN , and four different regimes of adsorption ex-
ist. The first regime is defined by the following sequence
of characteristic chemical potentials,
〈µcmin〉 < µpinmax <
〈
µinnermin
〉
. (30)
An example of adsorption in this regime is shown by
the vertical dashed line marked with (1) in Fig. 4(a),
which first crosses the solid line, then the dot-dashed
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FIG. 3. Condensation in pores of types I and II. As in Fig. 2,
mean 〈V 〉 (upper panel) and variance Var[V ] (lower panel) of
occupied volume of pores of length N = 100 are plotted vs
µ. Columns show different values of normal disorder ∆ with
constant, 〈wmf〉 = 1.0 and wff = 4.0. The degree of disorder
is ∆ = 0.1 in column (a) and ∆ = 0.4 in column (b).
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FIG. 4. Characteristic values of µ relevant to adsorption for
a range of strengths ∆ of normal disorder. Shown are the
values of 〈µcmin〉 (solid line), 〈µ
o
min〉 =
〈
µinnermin
〉
(dashed line)
and µpinmax (dot-dashed line). In both panels, 〈w
mf〉 = 1.0 and
N = 100. The fluid-fluid interaction is wff = 1.0 in panel (a)
and wff = 4.0 in panel (b). The vertical lines with upward
arrows indicate values of ∆ corresponding to the four different
regimes, (1)-(4), for adsorption described in the text.
line and finally the dashed line. This regime can ex-
ist for small enough wff (e.g. wff = 1.0 in panel (a)
of Fig. 4) such that the crossing point between the
dot-dashed line (see Eq. (29)) and the dashed line (see
Eq. (26)) occurs at ∆ < ∆∗, and for a certain range of
∆, e.g. at ∆ = 0.05 in Fig. 4(a). The adsorption in this
regime (see solid line in Fig. 2(a) upper panel) begins for
µ ≃ 〈µcmin〉 <
〈
µinnermin
〉
, implying that nucleation typically
occurs at the end of the pore. The variance takes a rela-
tively small value as compared to its maximum possible
value of Var[V ]max = 0.25 corresponding to a bi-modal
distribution of V with equally probable values V = 0 and
V = 137 (see solid line in Fig. 2(a) lower panel), mean-
ing that the avalanches nucleated at the ends of the pore
progress gradually along the pore between several pin-
ning points with no large sudden jumps in density. This
8is in contrast to cases when the varience takes its maxi-
mum value, which correspond to a single large avalanche
(see regimes (3) and (4) below).
In the regime of large disorder in wmfij (regime (2)),
pinning dominates over nucleation, and adsorption takes
place in the form of many small avalanches nucleated
mainly in the inner cells. An example of adsorption in
regime (2) is shown in Fig. 4(a) by a vertical dashed line,
with the following sequence of crossing points,
〈µcmin〉 <
〈
µinnermin
〉
< µpinmax .
In this example, adsorption can be nucleated first at the
closed ends, when µ ≃ 〈µcmin〉. The avalanche that occurs
as a result of such a nucleation is small because of the
large number of pinning points which exist for µ < µpinmax.
At a higher µ &
〈
µinner
〉
, many more small avalanches are
nucleated in the middle of the pore, in contrast to regime
(1). The resulting filling process is gradual, occurring
mainly over the range of µ,
〈
µinner
〉
. µ . µpinmax (see
solid line in upper panel of Fig. 2(b)), and characterised
by a low variance (see solid line in lower panel). In fact,
if the dot-dashed line is above the others, i.e.〈
µinnermin
〉
< µpinmax , (31)
then the dominant effect for adsorption is pinning, mean-
ing that adsorption is in regime (2). Such a regime thus
occurs for large enough ∆ or N for any value of wff, i.e.
when the value of ∆ is to the right of the crossing point
between the dashed and dot-dashed lines in Fig. 4(a) or
(b).
The third and fourth regimes (see Fig. 4(b)), can be
achieved by increasing the value of wff, corresponding to
a downward shift of the dot-dashed line so that the in-
tersection point of the dot-dashed and dashed line occurs
at ∆ > ∆∗. In regimes (3) and (4), pinning is not im-
portant, i.e. µpinmax is the smallest relevant value of µ, and
adsorption occurs in a single avalanche. This is demon-
strated by the large peak in Var[V ] (≃ 0.25) for both
regimes, see right-hand solid peak-shaped curves in the
lower panels of Fig. 3(a) and (b) corresponding to regimes
(3) and (4), respectively. The boundary between these
two regimes occurs at ∆ = ∆∗. For regime (3), ∆ < ∆∗
meaning that,
µpinmax < 〈µcmin〉 <
〈
µinnermin
〉
. (32)
In this case, adsorption occurs in a single avalanche nucle-
ated at one of the end-cells at µ ≃ 〈µcmin〉 (see right-hand
solid curve in Fig. 3(a) upper panel). For regime (4),
∆ > ∆∗ and,
µpinmax < 〈µcmin〉 ≃
〈
µinnermin
〉
, (33)
so that adsorption occurs in a single avalanche nucleated
at one of the inner cells at µ ≃ 〈µinnermin 〉 (see right-hand
solid curve in Fig. 3(b) upper panel).
The length, N , of the pore influences the configura-
tion of the boundaries shown in Fig. 4 by changing the
slope of the dashed and dot-dashed lines. The solid line
is independent of N for ∆ < ∆∗. When N increases,
the magnitude of both slopes increases proportionally to√
lnN . As such, for very large N , only regime (2) can
be observed, with nucleation first occurring at very small
values of µ and adsorption taking place as a series of
small avalanches until µ is very large.
The four regimes for adsorption in type-I pores de-
scribed above can be accessed at constant values of ∆
and N by varying the values of
〈
wmf
〉
and wff. A dia-
gram showing the boundaries between the regimes (1)-
(4) in the parameter space of
〈
wmf
〉
and wff is shown in
Fig. 5(a). As seen from this diagram, all of these bound-
aries meet at a point A
(〈
wmf
〉
, wff
)
located at,
A
(
∆
[√
8 erfc−1(2/N)−
√
5/pi
]
, 2
√
8∆erfc−1(2/N)
)
.
(34)
For values of wff lower than its value at point A the
adsorption is in regime (2), i.e. for such values of wff
there will be many small avalanches nucleated at inner
cells. For larger values of wff the regime depends on
the value of
〈
wmf
〉
. Regimes (1) and (3), correspond-
ing to avalanches nucleated only at the end-cells of the
pore, appear at higher values of both wff and
〈
wmf
〉
than the point A (the region bounded by the dashed
line in Fig. 5(a)). Regimes (3) and (4), corresponding
to avalanches that are not affected by pinning and oc-
cur in a single jump, appear at values of wff which are
higher than both the value at point A, and the value
on a line wff =
〈
wmf
〉
+ ∆
[√
8 erfc−1(2/N) +
√
5/pi
]
which passes through A with gradient 1 (the shaded re-
gion in Fig. 5(a)). To summarise, regime (1): small
avalanches nucleated at the end-cells only; regime (2):
small avalanches nucleated mainly in the inner cells;
regime (3): single large avalanche nucleated at an end-
cell; regime (4): single large avalanche nucleated in an
inner cell.
For pores of type II, a similar analysis can be per-
formed, by replacing 〈µcmin〉 with 〈µomin〉 in Eqs. (30)-(33).
It can be shown that only two regimes exist, (2) and (4).
The boundary between these two regimes in the param-
eter space (
〈
wmf
〉
, wff) is a line of constant wff passing
through the same point A as in Fig. 5(a). This means
that pores of both types are in regime (2) for the same
range of parameters. Conversely, when type-I pores are
in regimes (1), (3) or (4), type-II pores are in regime (4).
The shapes of the adsorption curves in different
regimes reveal the similarities and differences between
the pores of types I and II. For the same set of param-
eters, adsorption can be in regime (1) for a type-I pore
while it is in regime (4) for a type-II pore. In this case,
adsorption in the type-I pore is nucleated at the end-
cells and progresses slowly between many pinning points
along the pore while adsorption in the type-II pore is nu-
cleated in an inner cell and happens in a single avalanche
because there are no pinning points. The difference be-
tween the two pore types is due to the additional inter-
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FIG. 5. Four regimes for (a) adsorption and (b) desorption
are shown in the parameter space of
〈
wmf
〉
and wff for pores
of type I of length N = 100 and ∆ = 0.1. Points A and
D, marked on both panels, are given in Eqs. (34) and (35),
respectively. Adsorption in pores of type II exhibits two
regimes, (2) and (4). Regime (2) corresponds to the region
(2) in panel (a) and regime (4) spans over the regions (1), (3)
and (4) in (a). Similarly, desorption in pores of type II oc-
curs only in two regimes, (1) and (2). Regime (2) corresponds
to the region (2) in panel (b) and regime (1) spans over the
regions (1), (3) and (4) in (b).
actions between the fluid and the end-cap matrix cell of
the type-I pores, which are absent in pores of type II
and ensure that the value of µ at which adsorption starts
in the type-I pores is lower than in the type-II pores
(〈µcmin〉 ≃ −5.1 . 〈µomin〉 ≃ −4.2, compare solid and
dashed lines in Fig. 2(a) upper panel). At the low values
of µ when adsorption starts in the pore of type-I, there
are many pinning points, which prevent the occurrence of
a single avalanche. This is supported by the fact that the
maximum value of the variance, Var[V ], is smaller than
0.25 for the type-I pore, but is approximately equal to
0.25 for a type-II pore (see the lower panel of Fig. 2(a)).
Adsorption in regime (2) is governed by disorder for
both types of pore and their adsorption curves practically
coincide (see Fig. 2(b) both panels). The relatively small
values of variance (see Fig. 2(b) lower panels) confirm the
presence of many pinning points leading to many small
avalanches.
When the adsorption is in regime (3) for the pores of
type I, it is in regime (4) for the pores of type II. This
means that both pores exhibit a large avalanche, but it
is nucleated at the end-cells in a type-I pore and at an
inner cell in a type-II pore. Adsorption in the type-I
pore therefore occurs at a lower value of µ than in a
pore of type II (see Fig. 3(a) upper panel). The variance
reaches a peak of 0.25 for both (see Fig. 3(a) lower panel),
confirming that adsorption occurs in a single avalanche.
At lower values of
〈
wmf
〉
, adsorption is in regime (4) for
both types of pore, so that it is nucleated in an inner
cell in both cases and occurs in a single avalanche. This
causes the adsorption curves to practically coincide for
both pore types (see Fig. 3(b)).
For desorption, a similar analysis can be undertaken,
and the results of this analysis are presented by the set of
lines to the left of the adsorption curves in Figs. 2 and 3.
Four regions, similar to those for adsorption, exist for
desorption in pores of type I (see Fig. 5(b)). These are
separated by several boundaries, which cross at the point
D(
〈
wmf
〉
, wff) located at,
D
(
∆
[√
8erfc−1(2/N) +
√
5/pi
]
, 2
√
8∆erfc−1(2/N)
)
.
(35)
For values of wff lower than that at point D (regime
(2)), desorption exhibits many small avalanches nucle-
ated in the inner cells, as in regime (2) for adsorption.
For wff higher than that at the point D, there are sev-
eral regimes. Regimes (3) and (4) correspond to des-
orption taking place in a single avalanche, which occurs
when both wff and
〈
wmf
〉
are greater than their val-
ues at point D (shaded region in Fig. 5(b)). Regimes
(1) and (3) correspond to desorption which is nucle-
ated at the end of the cell, and occur for values of
wff greater than that at D and greater than a line
wff =
〈
wmf
〉
+∆
[√
8erfc−1(2/N)−√5/pi] which passes
through point D with gradient 1 (the region bounded
by the dashed line in Fig. 5(b)). Note that the bound-
aries between the regimes are, in general, different from
those for adsorption. Larger values of 〈wmf〉 encourage
(discourage) nucleation of adsorption (desorption) at the
end-cells, and also encourage (discourage) pinning to oc-
cur by making the adsorption (desorption) process start
at a lower value of µ.
For pores of type-II, the desorption can be either in
regime (1) or (2) only. These two regimes are separated
in parameter space (
〈
wmf
〉
, wff) by the line at constant
wff passing through points A and D. As such, when the
parameters are chosen in such a way that desorption in
type-II pores is in regime (2), a type-I pore with the same
parameters will exhibit desorption in regime (2) also. In
this case, the desorption curves and variances coincide
for the two pore types (see Fig. 2(b)). For parameters
such that desorption in a pore of type II is in regime (1),
a type-I pore can be in either types (1), (3) or (4) and
the desorption curves, in general, do not coincide.
C. Exponential disorder in matrix-fluid interaction
strength
The above analysis has been done for the case of a
normal distribution in wmfij . The overall picture is qual-
itatively the same for a correlated exponential distribu-
tion of wmfij given by Eq. (3). However, the presence of
a well-defined lower bound for wmfij associated with the
sharp cut-off in the distribution at wmfmin =
〈
wmf
〉 − ∆
leads to two important differences between the two types
of disorder. Indeed, the sorption curves for correlated
exponential disorder display a number of cusp singulari-
ties (discontinuities in the derivative of 〈V 〉 with respect
to µ) that contrast with the smooth curves for normal
disorder in wmfij (see Fig. 7). The second difference is
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that, for large system size, the limiting behaviour of the
sorption is not the same for both types of heterogene-
ity, i.e. the hysteresis curves for the exponential disorder
are asymmetric and of the H2-type12, in contrast to the
parallel-sided H1-type seen for a normal distribution of
wmfij .
Similarly to the case of a normal distribution, certain
values of µ can be found using Eq. (25) at which nucle-
ation and de-pinning typically occur for both adsorption
and desorption. For adsorption, the values of 〈µcmin〉,
〈µomin〉 and µpinmax can be found in a similar way as for a
normal distribution and the resulting dependence of these
characteristic values of µ on ∆ is shown in Fig. 6(a).
For the case of desorption (see Fig. 6(b)), nucleation
will typically occur at the end-cells for µ ≃ 〈µendmax〉,
〈
µendmax
〉
= −nm1
〈
wmf
〉− wff + nm1 ∆
2
, (36)
where nm1 = n
m
N = 5 for type-I pores (see solid line in
Fig. 6(b)) and nm1 = n
m
N = 4 for type-II pores (see dashed
line in Fig. 6(b)). For the inner cells, desorption will
typically first nucleate at µ ≃ 〈µinnermax 〉 (see dotted line in
Fig. 6(b)), where,
〈
µinnermax
〉
= −nmi
〈
wmf
〉− 2wff + nmi ∆
(
1− 1
N − 2
)
,
(37)
with the additional factor 2 before wff corresponding to
two neighbouring cells being occupied by fluid as opposed
to 1 at the ends and nmi = 4 for 1 < i < N . For long pores
(N → ∞), the gradient of 〈µinnermax 〉 tends to a limiting
value of nmi = 4. The values of
〈
µendmax
〉
can be, depending
on the values of wff, N and ∆, either greater than or less
than
〈
µinnermax
〉
for pores of both types I and II. This is in
contrast to adsorption, when
〈
µinnermax
〉
<
〈
µendmax
〉
always
for pores of type II.
Pinning during desorption can occur only for µ approx-
imately greater than the mean minimal value of µi(4, 1),
µ & µpinmin = 〈mini=2,...,N−1 µi(4, 1)〉, i.e. when there is
some inner cell which remains occupied when one of its
neighbours is unoccupied, thus impeding the propagation
of the avalanche. The value of µpinmin can be calculated and
it is equal to,
µpinmin = −nmi
〈
wmf
〉− wff − nmi ∆
N−2∑
n=2
n−1 , (38)
with nmi = 4 (see dot-dashed line in Fig. 6(b)).
There are several regimes for desorption in the case
of exponential disorder depending on relative values of
the characteristic chemical potentials, 〈µcmax〉,
〈
µinnermax
〉
,〈
µinnermax
〉
and µpinmin (see Fig. 6(b)). If the point where
〈µcmax〉 (solid line) merges with
〈
µinnermax
〉
(dotted line) is
at higher values of ∆ than the crossing point of µpinmin
(dot-dashed line) and
〈
µinnermax
〉
, three distinct regimes
can be accessed, marked by downward vertical arrows
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FIG. 6. Characteristic values of µ for (a) adsorption and
(b) desorption for exponential disorder as functions of the
degree of disorder, ∆, for a pore of length N = 100 with〈
wmf
〉
= 1.0 and wff = 1.25. In panel (a), solid, dashed
and dot-dashed lines indicate 〈µcmin〉, 〈µ
o
min〉 =
〈
µinnermin
〉
and
µpinmax, respectively. The vertical lines with upward arrows give
examples of adsorption in regimes (1), (2) and (3). Panel (b)
shows 〈µcmax〉 (solid line), 〈µ
o
max〉 (dashed line), µ
pin
min (dot-
dashed line) and 〈µinnermax 〉 (dotted lone). The dashed curve in
panel (b) merges with the dotted and solid curves for large ∆
(off the right-hand edge of the graph). Examples of desorption
occurring in regimes (1), (2) and (3) are indicated by vertical
lines with downward arrows in panel (b).
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FIG. 7. Condensation for linear pores of length N = 100
with exponential disorder of strength ∆ = 0.02 (panel (a))
and ∆ = 0.2 (panel (b)). Same line styles are used as in
Figs. 2 and 3. The interaction parameters are
〈
wmf
〉
= 1.0
and wff = 1.25.
in Fig. 6(b). In fact, similarly to the case of nor-
mally distributed disorder in wmfij , the parameter space,(〈
wmf
〉
, wff
)
for fixed values of ∆ andN , can be split into
four regions corresponding to four regimes for either ad-
sorption or desorption. The boundaries between the dif-
ferent regimes have the same configuration as in Fig. 5 for
normal distribution, but are characterised by different lo-
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cations of the points A
(〈
wmf
〉
, wff
)
and D
(〈
wmf
〉
, wff
)
,
A
(
∆
[
4(1−N−1)− 5
2
]
, 4∆
N−3∑
n=1
n−1
)
D
(
∆
[
4(1−N−1) + 5
2
]
, 4∆
N−3∑
n=1
n−1
)
(39)
Below, we analyse two representative sets of parame-
ters. For the first set of parameters, 〈µomin〉 > 〈µcmin〉 >〈
µpinmax
〉
, and the type-I and II pores are in regimes (3)
and (4), respectively, for adsorption, and in regimes (3)
and (1), respectively, for desorption. The sorption curves
for this choice of parameters are presented in Fig. 7(a). It
is confirmed that the adsorption in both pore types takes
place in a single avalanche. Typically this avalanche takes
place at a smaller value of µ in type-I pores (µ ≃ 〈µcmin〉)
than in type-II pores (µ ≃ 〈µomin〉). The desorption also
agrees with the prediction, in that it takes place over a
range of µ for the type-II pore around µ ≃ 〈µomax〉 and
in a single large avalanche for the type-I pore at a lower
value µ ≃ 〈µcmax〉.
For the second set of parameters, for which 〈µo〉 >
〈µc〉 ≃ 〈µinner〉 > 〈µpin〉, both pore types are in the
disorder-controlled regime (2) for adsorption and desorp-
tion. For this set of parameters, the adsorption curves
are practically identical (see Fig. 7(b)). The desorption
curves, however, differ slightly. There are several cusps
which appear in these sorption curves as a consequence
of the lower bound for matrix-fluid interaction which are
wmfij ≥ wmfmin =
〈
wmf
〉 − ∆. The existence of the lower
bound to wmfij leads to appearance of upper bounds to
the random variables µendmax, µ
inner
max and µ
pin
max such that,
µendmax ≤M end = −nm1 (
〈
wmf
〉−∆)− wff (40)
µinnermax ≤M inner = −nmi (
〈
wmf
〉−∆)− 2wff (41)
µpinmax ≤Mpin = −nmi (
〈
wmf
〉−∆)− wff , (42)
which can be derived from Eq. (25) by substituting wmfij =
wmfmin =
〈
wmf
〉 − ∆. Limits are given for desorption at
the ends of pores of type I by µcmax =M
end with nm1 = 5
and for desorption at the ends of pores of type II by
µomax =M
end with nm1 = 4, implying that µ
o
max =M
pin.
For the parameters ∆ = 0.2 and wff = 1.25 these lim-
iting values are given by, µcmax = −5.25, µomax =Mpin =
−4.45 and M inner = −5.7. The location of these lim-
its are marked on the Fig. 7(b) by arrows. The value
of Mpin corresponds to a cusp in the adsorption curves
for pores of both types, at which 〈V 〉 rapidly approaches
unity and Var[V ] displays a sharp decay to zero. This
cusp occurs because the number of pinning points rapidly
approaches zero as the increasing value µ → Mpin. For
µ > Mpin, there are no pinning points and pore will be
fully occupied with probability 1 if any nucleation event
has occurred. The mean occupied volume is then close
to 1 in this region.
For desorption, nucleation can only occur if µ ≤
max
[
M end,M inner
]
, and as a consequence, the occupied
volume remains equal to 1 on decreasing µ until the above
condition is satisfied. When µ passes from above to be-
lowM end, the probability of nucleation at the ends of the
pore begins to increase, giving rise to cusps in the solid
and dashed desorption curves at µ = µcmax and µ = µ
o
max,
respectively (see Fig. 7(b)). At these cusps the value of
〈V 〉 begins to decrease. The cusps are only significant
if the number of pinning points is small enough for the
desorption at the end of the cell to cause fluid to des-
orb in a large part of the pore, meaning that the rate
of decrease of 〈V 〉 is large. A similar effect occurs when
µ passes from above to below M inner, except that the
probability of nucleation increases more rapidly with re-
ducing µ, and the resulting cusp in the solid and dashed
desorption curves is much sharper, because there are a
greater number of inner cells than end cells. Typically,
the cusp at M inner can only be seen when desorption is
in regimes (2) or (4), when nucleation occurs in the inner
cells. Outside of these regimes, desorption fully occurs at
higher values of µ than M inner, and the cusp is insignifi-
cant. For a type-II pore there can be two cusps visible in
regime (2), corresponding to nucleation at the end cells
and at inner cells. The desorption curve of a type-I pore
can also show two cusps in regime (2) if M inner < µcmax,
i.e. if wff ≤ 〈wmf〉 − ∆. However, if this condition is
not satisfied, only one cusp will be visible for a type-I
pore, because most desorption will occur as a result of
nucleation in the inner part of the pore, i.e. there is no
significant cusp at µcmax.
The sorption curves for large exponential correlated
disorder in wmf are of the, so-called, H2-type12 (see up-
per panel of Fig. 7(b)). Such a shape of sorption curves
contrasts with that for Gaussian disorder which are of
the parallel-sided H1-type (see upper panels of Figs. 2
and 3). It should be noted that the asymmetry in the
distribution of hi =
∑
j/i w
mf
ij for the case of exponen-
tial disorder is a consequence of a correlated asymmetric
distribution of wmfij . Indeed, if the values of w
mf
ij are un-
correlated for a given value of i then the central limit the-
orem ensures that their sum,
∑
j/i w
mf
ij , is approximately
distributed according to a normal distribution, which is
symmetric. Therefore correlations in wmfij play a signif-
icant role in achieving a skewed distribution of hi and
H2-type hysteresis, the effect being maximal when they
are fully correlated, i.e. when all wmfij are equal to each
other for a given i. This implies that H2-type hysteresis
in heterogeneous pores might arise due to variations in
pore diameter (represented by correlated disorder in wmfij )
rather than due to individual defects, in agreement with
previous numerical studies19. On the other hand, sym-
metric (normal) disorder in local fields (i.e. uncorrelated
disorder in wmfij ) can only cause a parallel sided H1-type
hysteresis (Fig. 2 and 3), and may represent the effect
of uncorrelated structural defects in the pore surface on
small length scales.
12
0
0.5
1
〈V
〉
0
0.5
1
-6 -5 -4
µ
0
0.02
0.04
0.06
V
ar
[V
]
-6 -5 -4
µ
0
0.01
0.02
-6 -5 -4
µ
0
0.002
0.004
0.006
0.008
0
0.5
1
(a) Normal, ∆ = 0.1 (b) Exp, ∆ = 0.1 (c) Exp, ∆ = 0.25
FIG. 8. Condensation in pores of type III (cf. Fig. 1(c)).
〈V 〉 (upper panel) and Var[V ] (lower panel) plotted vs µ for
pores of length N = 100. The curves of different styles refer
to different geometries, i.e. ink-bottle (solid lines), with N1 =
50, w1 = 1.2, w2 = 1.0 and funnel (dashed lines), with N1 =
50, w1 = 1.0, w2 = 1.2. The light dotted lines in the upper
panels of (a)-(c) correspond to the mean occupied volume of
two separate open-ended pores (shape (b) in Fig. 1) of length
N = 50 one of which having 〈wmfij 〉 = 1.0 for all cells and
the other having 〈wmfij 〉 = 1.2 for all cells. In (c), the solid,
dashed and dotted lines coincide on the scale of the graph.
In all cases, wff = 1.0. Each column represents a different
degree or form of disorder: (a) normally distributed, ∆ =
0.1 (b) correlated exponentially distributed, ∆ = 0.1 and (c)
correlated exponentially distributed, ∆ = 0.25. Arrows show
the direction of change of µ for adsorption and desorption and
symbols refer to numerical data.
D. Pores of type III
In this section, we present results on the effects of in-
teraction between the two parts of a pore, each of length
N1 = N2 = 50, characterised by different mean matrix-
fluid interaction strength 〈wmf1 〉 and 〈wmf2 〉 (as shown in
Fig. 1(c)). The difference in the interaction strength of
the fluid with the matrix can represent variable pore di-
ameter for a pore of either a funnel or an ink-bottle shape.
A major feature of sorption in such pores is that, if the
difference between 〈wmf1 〉 and 〈wmf2 〉 is large enough, it oc-
curs in the narrow part of the pore at a lower value of µ
than it does in the wider part. This gives rise to two steps
in the sorption curves (see upper panels of Fig. 8), in
agreement with experimental observations11,38 for both
pore shapes. In order to understand the form of the
sorption curves in such pores, it is helpful to compare it
with the mean of the sorption curves for two independent
pores of type II of length N1 = N2 = N = 50, one with
wmf = 〈wmf1 〉 and the other with wmf = 〈wmf2 〉 (see dot-
ted lines in upper panel of Fig. 8). The sorption curves
(solid and dashed lines) differ from the dotted lines repre-
senting the behaviour of two independent type-II pores.
These differences are due to the interaction between fluid
in the two parts of the pore and of fluid with the closed
end-cap of the type-III pore.
We analyse these differences, first, for a pore with nor-
mal disorder in wmfij (see dashed lines in Fig. 8(a)) and
a funnel shape, characterised by 〈wmf1 〉 < 〈wmf2 〉, i.e. the
matrix-fluid interaction is weaker in the part of the pore
with the larger diameter. Adsorption in each part of the
pore is enhanced in comparison with a type-II pore (the
dashed line corresponding to adsorption is shifted to the
left by around 0.25 with respect to the dotted line for the
two steps). The shift of the lower step (at µ ≃ −5.5) is
due to the increased matrix-fluid interaction between the
narrow section and the closed end and the shift of the
upper step (at µ ≃ −4.75) is due to the fluid-fluid inter-
action between the wide section and the narrow section.
Conversely, desorption in the funnel pore occurs later
than in two independent open-ended pores (the dashed
line corresponding to desorption is shifted to the left by
around 0.1 with respect to the dotted line). This is be-
cause the funnel pore has only one open end at which
desorption can nucleate and thus it occurs later than in
a pore open at both ends.
Second, we compare the sorption curves for an ink-
bottle pore with the sorption curves of two independent
pores (cf. solid and dotted lines in Fig. 8(a), respec-
tively). Both the adsorption and desorption curves for
the narrow part of the ink-bottle pore closely match those
for an open ended pore of the same diameter (the dotted
and solid lines practically coincide in the lower step until
the shoulder develops). Qualitatively, for this part of the
adsorption and desorption curves, the wider part of the
pore is not occupied by the fluid, meaning that the nar-
row part effectively has two open ends. The upper step in
the sorption curves, after the shoulder, represent adsorp-
tion and desorption in the wide part of the ink-bottle pore
and differ from an open ended pore (cf. the upper steps
in the solid and dotted lines in Fig. 8(a)). This is because
sorption in the wide part occurs when the narrow part
is fully occupied with fluid, meaning that the wide part
of the ink-bottle pore behaves like a pore closed at both
ends. As such, adsorption occurs for smaller values of µ
(the upper step in the solid adsorption curve is shifted
to the left by around 0.25 compared to the dotted line),
since adsorption is nucleated either by the closed end or
by the fluid which has already condensed in the narrow
part. Similarly, desorption occurs at a lower value of µ,
since it is not nucleated at either end (the upper step
in the solid desorption curve is also shifted by around
0.25 to the left compared to the dotted line). It can be
noted that the behaviour on desorption observed here for
ink-bottle pore and funnel pore topologies is similar to
that experimentally observed in Ref. 38. The adsorption
curves observed here differ from the experimental results
of Ref. 38, in that condensation in the wider part of an
ink-bottle pore is observed at higher values of µ than in
the wider part of a funnel pore. This might be related
to the fact that, in our model, condensation is allowed to
occur in the inner part of the ink-bottle pore regardless
of the fact that gas has no way to flow into the wider part
of the pore (the pore is blocked by fluid in the narrow
part)39.
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Results for exponential disorder in wmfij are shown in
Fig 8(b). The dotted line corresponds to a pore with two
open ends and the dashed line corresponds to a funnel
pore, which effectively has a single open end. The solid
line shows the isotherms for the ink-bottle pore where,
effectively, the wide part has two closed ends and the
narrow part has two open ends. As such, the main dif-
ferences between the different sorption curves are similar
to the differences observed between open- and closed-
ended pores in Fig. 7(b), i.e. the adsorption curves
are broadly similar for both funnel and ink-bottle pores.
The main differences between the isotherms for differ-
ent pore geometries is observed in two intervals of µ:
−5.6 < µ < −4.6 and −6.5 . µ . −6. In the first in-
terval, desorption can be nucleated at the open end of
the wide part of the funnel pore, but nucleation cannot
occur in the wide part of the ink-bottle pore because this
part effectively has both ends closed. This is why the
dashed line is below the solid line in this region. In the
second interval, the wide parts of both the funnel and
ink-bottle pores are empty. This means that the narrow
part of the funnel-shaped pore effectively has one open
end while the narrow part of the ink-bottle pore effec-
tively has two open ends. Desorption is therefore more
likely to be nucleated in the narrow part of the ink-bottle
shaped pore than in the narrow part of the funnel pore.
Correspondingly, the dashed line is above the solid line
in this region.
In the disorder-controlled regime (see Fig. 8(c)), the
sorption curves for both funnel and ink-bottle pores are
identical to those found by adding together the sorption
curves for two independent open-ended pores of different
diameters obtained by cutting the funnel and ink-bottle
pores in half, i.e. the effects of the ends of the pores are
small for disorder on this scale. This behaviour appears
to correspond to the experimental observations in Ref. 11.
V. RESULTS FOR T > 0
The effect of finite temperature on sorption processes
is analysed here for both a funnel and ink-bottle pore.
In particular, the conditions corresponding to Figs. 8(a)
and 8(c) were repeated for several values of temperature
and with a constant rate, r, of change of µ. The results
are shown in Fig. 9.
For finite sufficiently low temperature, β = 50, and
Gaussian disorder of strength ∆ = 0.1, it can be seen by
comparing Figs. 8(a) and 9(a) that the mean volume of
condensed fluid closely matches that at zero-temperature
for both ink-bottle and funnel pores. The main difference
from the zero-temperature and small r limit is that the
meniscus propagates slowly along the pore rather than
the whole pore becoming occupied simultaneously, re-
flected in a reduction in the maximum value of Var[V ].
For instance, the maximum value of the variance for
an ink-bottle shaped pore is Var[V ] ≃ 0.04 (see peak
of solid line in Fig. 9(a) middle panel) in comparison
with Var[V ] ≃ 0.06 at zero-temperature (see solid line in
Fig. 8(a), lower panel). For larger temperatures, β = 5,
hysteresis loops become narrower (cf. dot-dashed curve
with solid curve in Fig. 9(a)).
For exponential disorder of strength ∆ = 0.25, the
main effect of the finite temperature is in the smoothing
of the cusps in the hysteresis loops (see Fig. 9(b) upper
panel). As the temperature is increased, first to β = 15
(double-dot dashed curves) and then to β = 5 (dot-
dashed curve), the area of the hysteresis loop reduces
gradually. This observation with increasing temperature
agrees with the behaviour observed for 1D pores38 and
is similar to the decreasing width of sorption hysteresis
loops in 3D porous media2. Although the behaviour in
1D and 3D systems is similar, the proposed model and its
mapping to the RFIM suggests that the origin of hystere-
sis is not identical in both cases. Indeed, the disorder-
temperature phase diagram of a 3D lattice gas (or the 3D
RFIM) consists of a phase at low temperature and disor-
der with ferromagnetic order and a paramagnetic phase
at high temperature and disorder40. In the ferromagnetic
phase, the free energy consists of two global minima such
that gas and liquid (or states with positive and negative
magnetisation in the RFIM) could in principle coexist
in the thermodynamic limit1. Hysteresis is associated in
this case with both the global minima of the free energy
and the existence of many local minima where the system
can remain trapped for very long times. The mapping of
the proposed model to the 1D-RFIM indicates that fer-
romagnetic order does not exist as a stable macroscopic
phase at any finite temperature and/or disorder40. In-
stead, the free energy exhibits a single global minimum.
Therefore, hysteresis in linear pores at non-zero disor-
der and temperature is expected to be only associated
with the rugged character of the energy landscape which
consists of many local minima.
VI. CONCLUSIONS
To conclude, a heterogeneous lattice-gas model has
been proposed to describe fluid condensation in 1D pores
of different shapes and rough surfaces. Heterogeneity,
missed in classical theories, is the key and sufficient fea-
ture of the model which allows it to reproduce the main
experimental findings. We demonstrate that a simple
coarse-grained representation of pores consisting of 1D
chains of cells is a minimal model sufficient to account for
the effects of heterogeneity. Within a single cell, liquid
interacts with the elements of the surface. These interac-
tions can be either identical or variable (random) within
the cell, and also can vary for different cells. Accounting
for such different types of heterogeneity in the model,
results in the different shapes of hysteresis loop found
experimentally12, including both the H2-type11 and the
H1-type41 hysteresis loops.
In addition, the model is able to reproduce the shape
of the sorption curves for some more complex experi-
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FIG. 9. Adsorption/desorption in pores of type III at non-
zero temperature. Upper panel: Volume of adsorbed fluid vs µ
for Metropolis dynamics simulations. In panel (a), the system
consists of N = 100 cells with ink-bottle shape (solid and dot-
dashed lines) and funnel shape (dashed lines) with 〈wmf1 〉 =
wff = 1.0, 〈wmf2 〉 = 1.2 and Gaussian disorder of strength
∆ = 0.1. Two values of temperature are considered: β = 50.0
(solid and dashed lines) and β = 5 (dot-dashed lines). In
panel (b), the system has an ink-bottle shape with 〈wmf1 〉 =
wff = 1.0, 〈wmf2 〉 = 1.2 and correlated exponential distribution
of ρ(wmf) with ∆ = 0.25 and three values of temperature:
β = 50 (solid curves), β = 15 (double-dot dashed curves) and
β = 5 (dot-dashed curves). Middle and lower panels: The
variance Var[V ] vs µ for the same systems as in the upper
panels (with the same line styles). For clarity, the curves
for β = 50 have been presented on the middle panel while
curves corresponding to β = 15 and β = 5 are on the lower
panel. In all of the simulations, the rate of change of µ was
r = 0.004MCSS−1.
mentally studied systems, including ink-bottle and fun-
nel shaped pores. The physical phenomena inherent for
this model include nucleation of adsorption and desorp-
tion (cavitation) and propagation of a meniscus through
the pore, which are known38 to be two main effects ob-
served in such systems. In this respect, our model could
be easily extended to account for the fluid blocking ef-
fect that prevents flow of gas to the wider part of the
ink-bottle structure38,39.
Besides reproducing experimental observations, our
model also suggests interesting predictions that motivate
new experiments. For instance, we have demonstrated
that the sorption mechanisms (i.e. whether it starts at
the ends of pores or in the interior part) might depend
on the length and diameter of the pores and the degree
of heterogeneity. However, for large heterogenity, or long
pores, the sorption tends to a limiting, and apparently
universal, disorder-controlled regime.
In physical systems exhibiting a more complex topol-
ogy, e.g. a 3D maze-like network of 1D channels, an
analytical solution may be nontrivial, however numerical
simulations within our model can be performed straight-
forwardly for porous media of arbitrary topology42.
VII. ACKNOWLEDGEMENTS
TPH acknowledges the support of EPSRC.
∗ tph32@cam.ac.uk
† fperez-reche@abdn.ac.uk
‡ snt1000@cam.ac.uk
1 H.-J. Woo and P. A. Monson, Phys. Rev. E 67, 041207
(Apr 2003)
2 L. D. Gelb, K. E. Gubbins, R. Radhakrishnan, and
M. Sliwinska-Bartkowiak, Reports on Progress in Physics
62, 1573 (1999)
3 D. Broseta, L. Barre´, O. Vizika, N. Shahidzadeh, J.-P.
Guilbaud, and S. Lyonnard, Phys. Rev. Lett. 86, 5313
(Jun 2001)
4 F. J. Pe´rez-Reche, S. N. Taraskin, W. Otten, M. P. Viana,
L. d. F. Costa, and C. A. Gilligan, Phys. Rev. Lett. 109,
098102 (Aug 2012)
5 P. I. Ravikovitch, D. Wei, W. T. Chueh, G. L. Haller,
and A. V. Neimark, The Journal of Physical Chemistry B
101, 3671 (1997)
6 M. Felderhoff, C. Weidenthaler, R. von Helmolt, and
U. Eberle, Phys. Chem. Chem. Phys. 9, 2643 (2007)
7 R. Valiullin, J. Karger, and R. Glaser,
Phys. Chem. Chem. Phys. 11, 2833 (2009)
8 P. Monson, Microporous and Mesoporous Materials 160,
15
9 R. Evans, Journal of Physics: Condensed Matter 2, 8989
(1990)
10 B. Coasne, A. Grosman, N. Dupont-Pavlovsky, C. Ortega,
and M. Simon, Phys. Chem. Chem. Phys. 3, 1196 (2001)
11 D. Wallacher, N. Ku¨nzner, D. Kovalev, N. Knorr, and
K. Knorr, Phys. Rev. Lett. 92, 195704 (May 2004)
12 K. S. W. Sing, D. H. Everett, R. A. W. Haul, L. Moscou,
R. A. Pierotti, J. Rouquerol, and T. Siemieniewska,
Pure and Applied Chemistry 57, 603 (1985), ISSN 0033-
4545
13 Y. C. Yortsos, “Methods in the physics of porous media,”
(Academic Press, San Diego, 1999) Chap. 3, p. 69
14 R. Valiullin, S. Naumov, P. Galvosas, J. Karger, H.-J. Woo,
F. Porcheron, and P. A. Monson, Nature 443, 965 (2006)
15 R. Evans, U. M. B. Marconi, and P. Tarazona,
The Journal of Chemical Physics 84, 2376 (1986)
16 A. Malijevsky, The Journal of Chemical Physics 137,
214704 (2012)
17 E. Kierlik, M. L. Rosinberg, G. Tarjus, and E. Pitard,
Molecular Physics 95, 341 (1998)
18 E. Kierlik, P. A. Monson, M. L. Rosinberg, L. Sarkisov,
and G. Tarjus, Phys. Rev. Lett. 87, 055701 (Jul 2001)
19 S. Naumov, A. Khokhlov, R. Valiullin, J. Ka¨rger, and P. A.
Monson, Phys. Rev. E 78, 060601 (Dec 2008)
20 J. Puibasset, The Journal of Chemical Physics 127,
154701 (2007)
21 J. Puibasset, Langmuir 25, 903 (2009)
22 M.W. Maddox, J. P. Olivier, and K. E. Gubbins, Langmuir
13, 1737 (1997)
23 K. J. Edler, P. A. Reynolds, and J. W. White,
The Journal of Physical Chemistry B 102, 3676 (1998)
24 V. Fenelonov, A. Derevyankin, S. Kirik, L. Solovyov,
A. Shmakov, J.-L. Bonardet, A. Gedeon, and V. Roman-
nikov, Microporous and Mesoporous Materials 44-45, 33
(2001), ISSN 1387-1811
25 C. G. Sonwane, C. W. Jones, and P. J. Ludovice,
The Journal of Physical Chemistry B 109, 23395 (2005)
26 J. P. Sethna, K. Dahmen, S. Kartha, J. A. Krumhansl,
B. W. Roberts, and J. D. Shore, Phys. Rev. Lett. 70, 3347
(May 1993)
27 F. J. Pe´rez-Reche, B. Tadic´, L. Man˜osa, A. Planes, and
E. Vives, Phys. Rev. Lett. 93, 195701 (2004)
28 S. Naumov, R. Valiullin, J. Ka¨rger, and P. A. Monson,
Phys. Rev. E 80, 031607 (Sep 2009)
29 J. Puibasset, Journal of Physics: Condensed Matter 23,
035106 (2011)
30 F. J. Pe´rez-Reche, M. L. Rosinberg, and G. Tarjus,
Phys. Rev. B 77, 064422 (2008)
31 K. B. D. P. Landau, A guide to monte carlo simulations in
statistical physics (Cambridge University Press, 2005)
32 M. E. Fisher and J. W. Essam,
Journal of Mathematical Physics 2, 609 (1961)
33 S. Sabhapandit, P. Shukla, and D. Dhar, Journal of Sta-
tistical Physics 98, 103 (2000), ISSN 0022-4715
34 D. Dhar, P. Shukla, and J. P. Sethna, Journal of Physics
A: Mathematical and General 30, 5259 (1997)
35 T. P. Handford, F.-J. Perez-Reche, and S. N. Taraskin,
Journal of Statistical Mechanics: Theory and Experiment
2012, P01001 (2012)
36 D. Sornette, Critical Phenomena in Natural Sciences,
Springer Series in Synergetics (Springer Verlag, Berlin,
2000)
37 F. M. Neri, F. J. Pe´rez-Reche, S. N. Taraskin, and
C. A. Gilligan, Journal of The Royal Society Interface 8,
201 (2011)
38 A. Grosman and C. Ortega, Langmuir 27, 2364 (2011)
39 F. Casanova, C. E. Chiang, A. M. Ruminski, M. J. Sailor,
and I. K. Schuller, Langmuir 28, 6832 (2012)
40 J. Cardy, Scaling and Renormalization in Statistical
Physics (Cambridge University Press, Cambridge, 1996)
41 F. Casanova, C. E. Chiang, C.-P. Li, I. V. Roshchin, A. M.
Ruminski, M. J. Sailor, and I. K. Schuller, EPL (Euro-
physics Letters) 81, 26003 (2008)
42 P. Monson, Microporous and Mesoporous Materials 160,
47 (2012), ISSN 1387-1811
